This paper provides some functional equations satisfied by the generating functions for nonseparable rooted planar maps with the valency of root-vertex, the number of edges and the valency of root-faces of the maps as three parameters. But the solutions of these equations can only be obtained indirectly by considering some relations between nonseparable and general rooted planar maps. One of them is an answer to the open problem 6.1 in Liu (1983, Comb. Optim. CORR83-26, University of Waterloo).
INTRODUCTION
A planar map M is often defined by a finite connected non-null graph embedded in a 2-sphere or closed plane. By this we mean that the edges and vertices of M are disjoint subsets of the plane, and that each edge is an open arc in the plane whose end-points determine its incident vertices. An edge is a loop if its end-points coincide, and a link otherwise. Only one vertex without edge is always defined as a planar map, this is called the trivial map or the vertex map denoted by ϑ. If a planar map has a single edge, then it is called an edge map. If an edge map has a loop, then it is called a loop map denoted by O, otherwise, a link map denoted by L. It is permissible for general planar maps to have loops or multiple joins.
To root a planar map M, we choose an edge, called the root-edge denoted by R(M), and mark an arrow on it. This arrow is said to be directed from the root-vertex and to have the root-face on its right side. Alternatively we can say that M is rooted by choosing a vertex, face and edge as root-elements, the three being mutually incident. It is often convenient to draw M in the plane so that the exterior or outer face is the root-face.
For a set M of some rooted planar maps, we want to discuss the generating function of M with three parameters in general as
where m(M), n(M) and l(M) are the valency of the root-vertex, the number of edges and the valency of the root-face of M, respectively. Further, we write
as special cases also used in this paper. For a rooted planar map M, a vertex υ of M is said to be separable if there are sub-maps
A nonseparable map is such a map in which there is no vertex separable. Clearly, there is no loop in a nonseparable map unless it is a loop map itself. Let M g be the set of all general rooted planar maps as discussed in [1] . Let M ns be the set of all nonseparable rooted planar maps with the convention that the loop map O is included in M ns but the vertex map ϑ and the link map L are not included for convenience. † To whom correspondence should be addressed. It is well known that the enumeration of nonseparable rooted planar maps has been investigated by several authors, as in [2] [3] [4] [5] [6] [7] . The earliest generating function of nonseparable rooted planar maps with the number of edges as one parameter is
which was obtained by Tutte [6] in 1963 and at the same time the parametric expressions for H M ns were also deduced. In 1975, Walsh and Lehman found the parametric expressions in the following form
from which H M ns (y) in (3) can be obtained by employing Lagrangian inversion immediately. Then, the same result is discovered again by Liu [2] [3] [4] in a different way. Nevertheless, no result with more than one parameter has been obtained up to now, as if such a generating function h = h M ns (x, y) determined by the equation
is still open now where H = H M ns (y). To find the solution of Eqn (5) is equivalent to the open problem 6.1 in [2] . In this paper, we want to establish a more general functional equation for the enumerating function f M ns (x, y, z) from which some equations with two variables, as in Eqn (5), can be deduced directly. After solving the equations with two variables, we cannot only answer the open problem 6.1 in [2] but also provide the parametric expressions with three parameters in principle. Practically, we see that a simpler method for finding the solutions of the equations is based on the relations between M ns and M g , since the parametric expressions for M g have been determined presently by (34)-(37) in [1] as follows
For terminologies and notations not explained here, refer to [5] .
FUNCTIONAL EQUATIONS
In this section, we shall firstly provide a functional equation of the enumerating function f M ns (x, y, z), from which those of h M ns (x, y) and F M ns (y, z) can also be deduced.
For this reason we have to introduce an operation on maps in a set M of some maps. Let M 1 and M 2 be two maps in M, assume that o 1 and o 2 be the root-vertices of M 1 and M 2 , respectively. Further, write that M 1 + M 2 is to be the map M 1 ∪ M 2 provided that M 1 M 2 = {o} where o = o 1 = o 2 so that M 2 is inside an inner face incident with the root-vertex of M 1 and Figure 1) .
We have to introduce another operation on maps in M. Let N 1 and N 2 be two maps in M. Suppose that R 1 and R 2 are the root-edges of N 1 and N 2 , respectively. Now let us write that N 1× N 2 is to be the map N 1 ∪ N 2 provided that N 1 ∩ N 2 = {R} where R = R 1 = R 2 , the common root-edge, so that N 2 is inside the inner domain of the finite face incident with the root-edge of N 1 and R(N 1× N 2 ) = R(N 1 ) (see Figure 2) .
For Figure 3) . We define that
Additionally, for any map M ∈ M, let M − R and M • R be the resultant maps of deleting R(M) from M and contracting R(M) into a vertex as the new root-vertex, respectively. 
Conversely, the sufficiency is true as well from the similar method. 2
THEOREM 2.1. The generating function f = f M ns (x, y, z) satisfies the following functional equation:
{1 + h + x yz − (1 + H )x} f = x 2 yz{1 + h + F − (1 + H )x} (12) where h = h M ns (x, y), F = F M ns (y, z), H = H M ns (y).
PROOF. It is easily seen that
and
since the loop map has the root-vertex of valency 2 with only one edge and the root-face of valency 1. For M I I ns , by (11) we have a functional relation as follows
By (9) we can obtain that
from which we then have ∇M ns (x, y, z) given by (16) to f (∇M ns ) k (x, y, z) ; the set of maps ns (x, y, 1) . Thus, we have
By substituting (16) and (17) into (15), we have
from which we have,
Finally, by substituting (14) and (18) into (13), we can obtain that
for x = 1. The theorem follows from (19). 2
It is easily seen that Eqn (5) comes from (12) by putting z = 1.
THEOREM 2.2. The generating function F = F M ns (y, z) satisfies the following functional equation:
where H = H M ns (y).
PROOF. Equation (12) provides an equation system as follows:
Thus we can find out the following relation:
Now, by substituting (21) into (5) and grouping the terms, the theorem follows shortly. 2
It is seen from (21) that the problems to solve Equations (5) and (20) are equivalent, but how to find the solutions of Eqns (5) or (20) directly is still open.
PARAMETRIC EXPRESSIONS
In fact, it is verified that to find the solutions of Eqns (12) and (5) or (20) directly is not easy. In this section, we have to seek a simpler method indirectly to find them. That is, to establish firstly an enumerating relation between nonseparable and general rooted planar maps. Now, we divide the set M g of general rooted planar maps into the following forms
such that M g0 consists of the only vertex map ϑ,
and N g stands for the other maps in M g .
From (22) and (23) we may obtain that
where 
Now, let us introduce three new variablesx,ỹ andz such that
then from (24) and (25) we can derive 
By now (26)-(28) together are just the enumerating relations we need from M g to M ns . Further, if we substitute (6) into (26), (27) and (28) and then introduce the changes
